Gravitational wave astronomy has placed strong constraints on fundamental physics, and there is every expectation that future observations will continue to do so. In this work we quantify this expectation for future binary merger observations to constrain hidden sectors, such as scalar-tensor gravity or dark matter, which induce a Yukawa-type modification to the gravitational potential. We explicitly compute the gravitational waveform, and perform a Fisher information matrix analysis to estimate the sensitivity of next generation gravitational wave detectors to these modifications. We find an optimal sensitivity to the Yukawa interaction strength of 10 −5 and to the associated dipole emission parameter of 10 −7 , with the best constraints arising from the Einstein Telescope. When applied to a minimal model of dark matter, this provides an exquisite probe of dark matter accumulation by neutron stars, and for sub-TeV dark matter gravitational waves are able to detect mass fractions mDM /mNS less then 1 part in 10
I. INTRODUCTION
With the observation of black hole binary mergers [1] [2] [3] [4] [5] and a neutron star binary merger [6] , gravitational wave astronomy is rapidly emerging as a powerful probe of fundamental physics [7] . These observations provide an exquisite confirmation of General Relativity in the extreme gravity regime, placing severe constraints on modifications to gravity [8] , and ruling out large classes of dark energy models invoked to explain the current acceleration of the universe [9, 10] .
Future gravitational wave observations should also be sensitive probes of other modifications to General Relativity, such as large extra-dimensions [14] , timevarying fundamental constants [15] , parity violation [11] [12] [13] , Lorentz violation [16, 17] , scalar-tensor gravity [18] [19] [20] [21] , and dark matter [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [45] [46] [47] (see also [28] ). These modifications can by probed by precise interferometer measurements of the gravitational waves emitted by compact binary mergers, though to do so requires building analytic templates of the modified waves and a detailed statistical analysis. In this work, we undertake precisely this task, focusing on modifications that induce a Yukawa-type modification to the gravitational potential, and with a particular focus on dark matter. This latter possibility, i.e. gravitational waves as a probe of dark matter, is particularly relevant given the current state of dark matter observations. Indeed, the only observational evidence for dark matter is gravitational, e.g. the peaks of the cosmic microwave background [22] , galactic rotation curves [23, 24] , and the Bullet Cluster [25] . This motivates the study of dark matter with * stephon alexander@brown.edu † evan mcdonough@brown.edu ‡ robert sims@brown.edu § nicolas.yunes@montana.edu an eye towards the new observational window into gravitational physics: gravitational waves from binary inspirals. Parallel to this, the connection of primordial gravitational waves to dark matter has been proposed in [26] ; these gravitational waves are, however, most readily observed via the polarization of the cosmic microwave background [27] . The connection of binary mergers to dark matter arises through the possibility that dark matter is gravitationally bound inside of neutron stars [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] . If the dark sector includes a light force mediator, then this naturally leads to an additional force between neutron stars, similar to that experienced by compact objects in scalartensor gravity, where the role of accumulated mass is played by a scalar field-dependent modulation of the inertial mass. This additional force modifies the gravitational wave signal from neutron star binary mergers, which can potentially probe the underlying dark matter model [45] [46] [47] [48] (see also [49] ). We emphasize that this conclusion is completely general and it does not depend on a specific dark matter model.
The amount of dark matter inside neutron stars is subject to considerable theoretical uncertainty, since this does depend, not only on the dark matter model, but also on the formation and entire lifetime of the neutron star. Estimates of the fraction of the neutron star mass in dark matter range from a few percent [53] to one part in 10 15 [47] . Remarkably, in this work we find that gravitational wave observations can probe dark matter even at mass fractions below the latter estimate. Independent of the underlying model, however, be it dark matter or a scalartensor theory, the modification to the binary inspiral is induced by a simple Yukawa correction to the gravitational potential, of the form V Yuk /V grav ∼ αe −r/λ , where α is a constant parametrizing the relative strength of the interaction and λ is the length scale of the interaction, which corresponds to a dark force mediator mass m v of λ/km ≡ 9.73 × 10 −11 (eV/m v ). For the minimal dark matter model we consider, α < 0 75] to the relative Yukawa interaction strength α (black, solid), and the dipole emission parameter γ for a neutron star binary (black, dashed) and a mixed black hole-neutron star binary (red,dashed). Dipole emission occurs only for λ above a mass-dependent lower bound.
and the force is repulsive. At a given fixed orbital separation r, this results in a decrease in both the orbital frequency and the total energy of the system, leading in turn to a decrease in the power emitted in gravitational waves (again at a given fixed r). In addition to this effect, and irrespective of the particular dark matter model considered, when the orbital angular frequency of the binary exceeds 1/λ, an associated dipole emission is activated, which forces the binary to inspiral faster. This dipole emission will be dominant over the quadrupole emission of General Relativity, dominating the balance law and the chirping rate at large separation. In this work we explicitly compute analytic expressions for the Fourier space gravitational wave amplitude and phase in the stationary phase approximation, given the above form of the correction to the potential. We find that the induced dipole emission manifests itself as a -1 post-Newtonian (PN) correction to the waveform, while the Yukawa-type corrections in general do not decompose into a PN expansion. In the limit of a light dark photon λ O(10 3 ) km, the Yukawa corrections can be formulated as a (convergent) series of negative PN corrections, while in the opposite limit, λ 5km, the corrections are exponentially suppressed and become completely degenerate with the General Relativity waveform.
We perform a Fisher information matrix analysis and compute the projected sensitivity to the above dark sector modifications of second and third generation ground-based gravitational wave interferometers: advanced LIGO [71] , A+/A++ [72] , Voyager [72] , VRT [72, 73] , Cosmic Explorer [72] and the Einstein Telescope [74, 75] . This approach to statistical inference has become a standard tool in gravitational wave physics (see e.g. [7] ), provided the signal is loud enough and the noise is stationary and Gaussian, as expected in third generation detectors. Such a tool is highly computational efficient, allowing for an expedient search for areas of new physics 'where the light shines brightest' with gravitational waves. In this work we find that the light shines very brightly on dark sectors, and in Figure 1 we provide a preview of our main results. This figure shows that a single observation with the Einstein Telescope would suffice to rule out a large sector of parameter space: values of the Yukawa interaction strength α above the solid line, and values of the dipole emission parameter γ above the dashed lines. For a particular model, one can use blackhole superradiance [76] , in tandem with binary insprial gravitational wave systems, to probe particular length scales λ.
Our work extends previous analyses (e.g. [43] [44] [45] [46] [47] [48] [49] 1 ) to include projected constraints with a wider range of λ and with second and third generation detectors, a careful accounting of projected constraints on dipole emission, and explicit expressions for the inspiral waveform that carefully include the effect of Yukawa and dipole modifications, which could be used in the future against real data. We find that the constraints on the Yukawa interaction strength α can be as good as O(10 −5 ), with the best constraints coming from the Einstein Telescope, while constraints on the dipole emission parameter γ (defined in Eq. (11)) can be as good as O(10 −7 ), with the best constraints again coming from the Einstein Telescope. From this we conclude that gravitational waves are indeed a powerful probe of dark sectors.
The structure of this paper is as follows. Section II outlines an example of a dark model which realizes the discussed modifications to the gravitational potential. Section III discusses general features of the modified inspiral, and Sec. IV explicitly computes the gravitational waveform. Section V performs a Fisher analysis on the waveform, with our main results presented in Figures 4 and 5. We conclude in Section VI with a summary of our results and a discussion of directions for future work.
II. DARK MATTER MODEL
As we discussed in the Introduction, our work is largely independent of the dark-matter model. However, for the sake of concreteness, we here provide a specific example which realizes this scenario. We emphasize, nonetheless, that the results presented in this paper are generic and not dependent of the specific features a particular dark matter model. Consider then a model of asymmetric dark matter (for a review see e.g. [50] ) coupled to an Abelian gauge field V µ (the 'dark photon'), as has been considered previously in e.g. [47, 51] . The dark sector Lagrangian 2 is given as
where D µ = ∇ µ + igV µ is the gauge covariant derivative, V µν is the dark photon field strength tensor, and the fermion χ has dark charge g and mass m χ . The dark photon mass m v can arise through a Higgs or Stueckelberg mechanism, but such completions of the theory will produce negligible effects on our analysis. Further, one can generalize this Lagrangian to non-Abelian gauge fields, but the lightest, massive gauge field will produce the most noticeable change in gravitational waves. The range of dark photon masses that can be probed by gravitational waves are extremely light, m v 10 −10 eV, and gauge invariance is approximately conserved. This implies that a charge asymmetry for χ must be balanced by an opposite charge asymmetry for a second fermion, analogous to standard electromagnetism and the protons and electrons in our current universe. This opens up the possibility that some fraction of the dark matter will form neutral bound states, the precise value of which depends sensitively on the value of the dark photon's fine structure constant [51] . Capture of these bounds states in compact objects will contribute to the dark dipole moment at lowest order, however we only consider the corrections due to a dark monopole moment here.
In order to produce a nonzero dark monopole moment, a net charge asymmetry will be required for neutron stars. Neutron stars can receive dark matter from two sources: (1) dark matter accreted from the surrounding halo, and (2) dark matter contained in the progenitor. The former has been studied in detail in [29-40, 52, 53] , and most recently in [47] . The latter has been argued to open up the possibility of anywhere from a few percent to an O(1) fraction of the mass of a neutron star to be dark matter, a so-called 'Admixture Neutron Star' [54, 55] .
If one considers only the accretion of dark matter by neutron stars, the number of dark matter particles 3 with m χ 1 GeV that are captured can be estimated as [34, 48] ,
where t N S is the age of the neutron star, and σ B is the lesser of the DM-neutron elastic scattering cross section σ n and the effective geometric scattering cross section. For lighter dark matter, the number of accreted particles is independent of the dark matter mass [34] . Therefore, if there is a mass difference between the two dark matter fermions, and at least one is lighter than a GeV, a net charge can accumulate and the accretion is predominantly into the heavier χ fermions. From the number of dark matter particles accreted, the fraction of the neutron star mass in the form of dark matter f DM = N χ m χ /m NS can be approximated to f DM 10 −11 assuming standard parameters. Similar estimates have been made in the literature, with varying levels of precision. The most recent estimate is given by [47] , which gives a more conservative bound of f DM 10 −15 . As we will show in Section V D, gravitational waves can still probe these small charge accumulations in compact objects. The relative strength of the dark photon's Yukawa interaction compared to gravity can compensate for the small dark matter fraction. This relative strength can be approximated as
Even using the conservative bound f ∼ 10 −15 , we see that the dark Yukawa interaction can remain relatively strong for weakly coupled (g 1) dark fermions.
III. MODIFICATIONS TO GRAVITATIONAL WAVE PHYSICS OF BINARY INSPIRALS
Given our simple dark matter model, we now consider the dynamic effects that manifest with a net dark charge on the binary system. During the early stages of the inspiral, the binary constituents are treated as point masses/charges. In this regime, the interaction between the two compact object via the dark photon can be approximated as a tree-level scattering. This interaction will manifest as a Yukawa correction to the potential energy of the binary system, given by
where
v is the length scale of the Yukawa interaction, m = m 1 + m 2 is the total mass of the binary, η = m 1 m 2 /m 2 is the symmetric mass ratio, r is the orbital separation, and the relative strength of the Yukawa potential α, from Eq. (3), can be defined in terms of the neutron star properties as
whereq i = q i /m i is the dark charge to mass ratio of each star. For the asymmetric dark matter model we consider, both compact objects should acquire the same sign of net dark charge, thus we work in the regime where α > 0 4 .
This modification to the potential ultimately leads to a violation of Kepler's laws which will be functionally distinct from General Relativity corrections. For (nearly) circular orbits, the modification will manifest as
Furthermore, the potential is no longer a power law, hence the Virial theorem takes a more complicated form when evaluating the total energy of the binary. The latter can be calculated as
The repulsive Yukawa potential results in both a decrease in the orbital frequency and magnitude of the total energy of the system at a given orbital separation. These kinematic variables dictate the rate at which energy is radiated away from the system in the form of gravitational radiation. The power emitted in the form of gravitational radiation can be computed from the quadrupole moment as
where the dot represents a time derivative, D L is the luminosity distance, and v = ωr is the orbital velocity for a quasi-circular orbit. When gravitational waves are the only form of emitted radiation, the balance law, P GW = − d dt E tot , can be used to find the rate at which the orbital separation decreases as
While the power emitted in gravitational radiation is reduced due to the repulsive Yukawa interaction, this need not translate into a longer coalescence time than the Newtonian/General Relativity predictions. Instead, the decrease in energy of the system in Eq. (7) can overcompensate for this decrease in radiation leading to a quicker inspiral phase.
A. Dark dipole radiation
Up to this point, we have ignored the on-shell emission of the dark photon due to the orbital motion of the charged compact objects. However, this dipole radiation introduces an important, and potentially dominant, source of energy dissipation to the binary system. The effect of dipole radiation on the binary dynamics has been studied in [45, 56] . In our context, the additional power radiated is given by
is the squared difference between the charge-to-mass ratios of the binary stars. Clearly, the effects of dipole radiation will only manifest when the dark matter mass fraction of the compact objects differ. The other two functions of λω can be approximated as the Heaviside step function θ(λω − 1), but note that the functional form is not actually of Heaviside form; Appendix A computes the corrections between the above functional form and the Heaviside approximation. The argument of the step function determines the activation of dipole radiation. This relation can be written in terms of the Yukawa length scale λ and the gravitational wave frequency f as
For dipole radiation to be active, the Yukawa interaction must have a length scale much larger than the orbital separation of the binary. As we will see in Section V D, this will have important consequences in one's ability to place constraints on the parameters α and γ. Taking the ratio of the power emitted between dark dipole radiation and the gravitational radiation,
we see the dipole corrections will be largest early in the inspiral phase, immediately following the activation of the step function. This will manifest as a negative PN correction to the gravitational waveform. The inclusion of dipole radiation will not change the orbital frequency or the total energy of the system. Instead, correcting the balance law to include the dark radiation − d dt E tot = P GW + P dark will introduce an additional factor to the evolution of the orbital separation in Eq. (9). Using Eq. (6), the equation forṙ can be rewritten as an equation for the time derivative of the orbital frequency. Including the dark dipole radiation term,ω can be found in terms of the orbital separation ωω = 96ηm
As we will see in Section IV, this equation for the orbital frequency evolution will be necessary when calculating the gravitational waveform. In particular, the waveform will acquire separate terms for the Yukawa corrections and the dipole radiation corrections, which can be used to constrain the parameters α and γ as a function of the Yukawa length scale.
B. Connection to Scalar-Tensor theory
While we have primarily consider the Yukawa potential and dipole radiation in the context of a dark matter model, the kinematic corrections described above are a general feature of most fifth force models. Scalar-tensor theories have received a lot of attention, in part due to its connection with string theory [57] . Scalar-tensor theories are a modification to general relativity where an additional scalar degree of freedom is coupled to the trace of the energy momentum tensor (in the Jordan frame), and have been shown [44, 59, 60] to produce the same Yukawa and dipole modification considered here.
In these theories, the "charge" accumulation is not due to the accretion of charged particles, but instead a scalar field dependent variation of the inertial mass m a (φ) of the compact object [60] . When the scalar field theory is written in the Jordan frame [21, [59] [60] [61] , the dipole radiation and Yukawa corrections can be written in terms of the sensitivity of the body,
In particular, the γ parameter for dipole radiation can be written in terms of the sensitivities as
where ω BD is the Brans-Dicke coupling constant. One can recover General Relativity by taking ω BD → ∞, and thus, using that ω BD > 40, 000 from observations of the Shapiro time delay with the Cassini spacecraft [58] , we can approximate
The additional factor in the square bracket arises from the sensitivity dependence in the gravitational constant, as well as a conversion between scalar "charge," defined in the Einstein frame and the sensitivities, defined in the Jordan frame.
IV. THE GRAVITATIONAL WAVEFORM
We now consider the gravitational waveform using the standard amplitude from General Relativity, and apply the results to the case of a binary system with some dark charge. In principle, corrections to the response function will also arise from additional gravitational wave polarizations that may be sourced by the dark sector we consider in this paper; however, since multiple detectors (or a space-based detector) are needed to detect such additional polarizations, we will neglect them here. We will follow the methods described in [62, 63] .
The plus and cross polarizations of a gravitational wave in General Relativity are given by
where the gravitational wave amplitude in the time domain is
and where the prefactor is a geometric factor related to the inclination angle ι, i.e. the angle between the angular momentum of the binary and the observer, while t c and φ c are the time and phase of the binary at coalescence, with φ the orbital phase of the binary at some time, found by integrating the orbital frequency. A given detector will have different response functions F + and F × to the different plus-and cross-polarizations of gravitational waves, which will depend on some additional geometric factors. In the case of second-generation ground-based instruments, the timescale on which these functions change is much larger than the gravitational wave signal, and thus, they can be treated as constant. The strain induced on the detector is then given by
where t 0 is the time when the detector records the coalescence, andφ(t) ≡ φ c + φ(t − t 0 ). The strain can be rewritten as a single oscillating function by incorporating the geometric functions into a shift in the phase and a deviation in the luminosity distance:
The strain is then given as the function
A matched filtering calculation requires that we compute the Fourier transform of the time-domain waveforms, which can be estimated in the stationary phase approximation. The Fourier transform of the strain can be written as
where the cosine has been expanded in exponentials. We note that the orbital frequency is monotonically increasing and a positive function (for all cases we consider), properties inherited by φ(t). The second term will not have a stationary point, hence this term can be ignored 7 .
The stationary point of the first term is defined as the time t s when ω(t s ) ≡φ(t s ) = πf . The stationary phase approximation allows one to compute the integral as
where we expect sgn(ω(t s )) = 1 in all cases we consider. One is then required to find the functions r(t s ), φ(t s ), and t s as a function of the Fourier frequency. To find the remaining functions in the phase, we define the quantity τ (ω) = ω/ω. The functions φ and t can then be rewritten as
The binary's phase and time can then be found by φ(ω(t s )) = φ(πf ) and t s = t(πf ). Therefore, once the functions r(ω) andω are computed for a given model, Eq. (27) can be applied to find the gravitational waveform.
A. Small deformation
Although the functionω(r) is given in Eq. (14), the calculation of the orbital separation r(ω) requires the inversion of Eq. (6). The relative strength of the Yukawa potential α must be smaller than unity in order for the binary to merge. Furthermore, to remain consistent with the linear (in α) expansion of the potential in Eq. (4), we wish to find a solution for r(ω) to linear order in α. Such a solution will correspond to a small General Relativity deformation limit. This inversion can be done to find the separation, and subsequentlyω(ω), as
where M = η 3//5 m is the chirp mass, and the time derivative of the orbital frequency is found by expanding Eq. (14) to linear order in α where the orbital separation is evaluated with Eq. (29) .
In the inversion of Eq. (30), we have dropped terms 7 The assumption is that far from stationary points, the exponential will oscillate rapidly relative to the timescale for amplitude modulation, and thus these contributions to the integral are approximately zero.
of O(αγ). Neutron stars should naturally accumulate relatively small charge-to-mass rationsq 1, hence γ ≤ q 2 1. Explicitly, in order to expand the amplitude and phase of the waveform in Eq. (27) to linear order in γ, we will require
so that the dipole radiation term is again a small correction to the General Relativity limit.
Under these conditions, Eq. (27) can be applied to give the Fourier space waveform:
where we have defined
and erf(x) is the error function 8 . We see that inclusion of dipole radiation manifests as a -1PN correction. The magnitude of this contribution can become very large at early times, however the stepfunction modulates this behavior by abruptly shutting off the contribution when Eq. (12) is not satisfied. In contrast, the Yukawa-type modifications to the waveform do not easily separate into a post-Newtonian expansion as a functions of x = m λ (πmf ) −2/3 . Both the amplitude and phase functions remain bounded for all positive (physical) values of x, thus these corrections remain well behaved throughout the binary inspiral.
B. Mass range of the dark photon
If we could observe the inspiral over its entire evolution (starting at infinite separation), m λ (mω) −2/3 would start arbitrarily large and eventually decay to the limit where r λ. In this scenario, one needs to use the full waveform found in Eq. (32) and Eq. (33) in order to properly incorporate the non-perturbative behavior of the solutions. During the inspiral phase, however, the binary will emit gravitational waves at low frequencies for a longer period of time than at higher frequencies. For observations beginning at a gravitational wave frequency f 0 , we ca then look at the limiting behavior of the waveform when x 0 1 (the heavy limit) and when x 0 1 (the ultra-light limit), where we have defined 8 The error function can be represented approximately by
, with a 1 = 0.278393, a 2 = 0.230389, a 3 = 0.000972, a 4 = 0.078108, if one wishes.
In these limiting studies, we ignore the dipole radiation term, as it remains uncoupled from the Yukawa corrections, and does not simplify in any limit involving x 0 .
As we will see, degeneracies arise in the limiting regimes which are not present in the full waveform. These degeneracies will play an important role in our ability to constrain the relative Yukawa strength α in Section V D.
A heavy dark photon
For sufficiently large dark photon masses, x 0 1 throughout the observational window. In this case, the nonperturbative exponential functions suppress these corrections below any detectable range, as these terms remain proportional to e −x0 . In this regime, the amplitude of the waveform, given by Eq. (32), does not acquire any corrections to linear order in α. The phase in Eq. (33) only receives linear α corrections from the error function. However, one can see from the integral definition,
that the only non-exponential correction from the error function will be a constant, degenerate with the phase φ 0 . As a result, the Yukawa corrections for a heavy dark photon becomes completely degenerate with the General Relativity waveform.
An ultra-light dark photon
We now consider the case where observation of the binary begins after the binary has entered the range of the Yukawa interaction. In this case, r λ, and the Yukawa potential can be Taylor expanded. Of course, this implies that we cannot take the infinite orbital separation limit and that the above condition will only be satisfied for a set of masses. This condition can be explicitly written in terms of the Yukawa length scale λ, or equivalently the dark photon mass, as λ (520 km) 1 − α 6 f 0 10 Hz Due to the extremely light mass required for the dark photon, we call this the ultra-light dark photon limit, corresponding to x 0 1. In this limit, the gravitational waveform can be written as
The Fourier amplitude does not pick up any corrections to first order in the dark photon mass. The two paramount functions for calculating the amplitude and phase, Eq. (6) The leading order correction in both the phase and amplitude appears at -2PN, with corrections to this appearing at more negative post-Newtonian orders. This is consistent again with the expansion requirements of this section, namely r λ. One can for example check that the -2PN order term is actually larger than the -3PN order term because m λ (πmf ) 2/3 ∼ v 2 ∼ m/r. Therefore, when including λ corrections, the usual postNewtonian order counting is not applicable. Instead, the model presented above is a bivariate expansion in both v 1 and r λ.
We note that the first correction to both the amplitude and phase of the waveform is independent of λ. This introduces a degeneracy between the chirp mass and the Yukawa strength parameter α. It is ultimately this degeneracy that is explored in [45] . This degeneracy is lifted by the -2PN correction. However, both amplitude and phase depend only on the quantity αm 2/3 λ −2 , which implies there is a 100% degeneracy between α and λ. This degeneracy is lifted when we include the -3PN correction, which depends on a different combination of α and λ. This is analogous to the degeneracy between the component mass m 1 and m 2 in General Relativity at Newtonian order, which is lifted when one includes 1PN corrections.
C. Relative magnitude of Yukawa and dipole corrections
We now consider the region of parameter space where the dipole radiation modifications of the waveform dominate over the Yukawa modifications. Due to the particular sensitivity of gravitational wave interferometers to the phase of the gravitational wave, we focus on the phase modifications presented in Eq. (33) . The dipole radiation modifications will be dominant under the condition
The requirement of a valid post-Newtonian expansion (v 1) can be combined with the requirement that the step-function condition is satisfied to find
which corresponds to the ultra-light dark photon limit. Therefore, after removing boundary terms, the dipole corrections to the waveform are only present in the waveform from Eq. (38) and Eq. (39). The condition that dipole radiation dominates over the Yukawa modifications can be rewritten as
The second of these conditions is precisely the condition in Eq. (12), requiring the step-function to be active. The only significant deviations from these approximate requirements come when the orbital velocity approaches unity, which also allows the minimum λ/m to approach unity. In this regime, of course, the post-Newtonian expansion is valid no longer and a full numerical analysis is required.
V. CONSTRAINTS ON DARK MATTER MODEL PARAMETERS A. Fisher analysis basics
The Fisher information matrix is a standard statistical tool used to estimate the accuracy to which parameters can be measured in gravitational wave physics in the large signal-to-noise ratio limit (for a detailed discussion, see e.g. [64, 65] ). The inverse of the Fisher information provides a lower bound on the error of any unbiased estimator (the Cramer-Rao bound), and hence provides an optimistic set of forecasted constraints, as compared to a Bayesian analysis. The appeal of this approach is the computational efficiency; it requires orders of magnitude less computing power then a Markov-Chain Monte Carlo analysis.
The Fisher information matrix Γ ab is defined as a weighted inner product of derivatives of the waveform with respect to parameters θ a and θ b . That is,
where the inner product is defined as
with S n (f ) the spectral noise density of the detector, and h(f ) the Fourier transform of the time-domain response h(t). From this definition, one can quickly see that the signal to noise ratio (SNR) is given by
The bounds of integration in Eq. (44) are discussed in detail in Section V B. The Fisher matrix is equivalent to evaluating the second derivative of the likelihood L
at the maximum likelihood estimate for θ a , where L is given by
given a signal s and a gravitational waveform h. Hence, the inverse of the Fisher matrix can alternatively be viewed as the frequentist error of the maximum likelihood estimator. A third interpretation of the Fisher information matrix is a Bayesian one: the inverse Fisher matrix is the covariance of the posterior probability distribution of the true parameters, as would be inferred by a Bayesian analysis of a single experiment, assuming constant prior probabilities, a high SNR, and Gaussian noise. From these definitions, one can estimate the sensitivity of a detector to a given parameter. The root-meansquared (i.e. 1σ) error on a parameter θ a can be estimated by,
where Σ aa is defined as the (a, a) component of the covariance matrix Σ ij ≡ (Γ ij ) −1 . In this work we will use Eqs. (43) and (44) to compute the above error, which we interpret as the projected sensitivity of a given detector to a parameter θ a .
B. Range of frequency integration
The limits of integration in the Fisher analysis dictate the range over which our waveform in Eq. (32) remains valid and detectable above detector noise. For the detectors we consider (see Section V C), typical binary neutron star and mixed black hole-neutron star inspirals will merge within the detector's frequency window. The high frequency limit will then remain independent of the particular detector, given instead by physical quantities of the binary. However, the low frequency limit will depend on the sensitivity of a particular detector.
For the low frequency limit, we follow [7] , defining
where f low-cut is a detector dependent cutoff frequency given as 1 Hz for the Einstein Telescope (ET), and 5 Hz for the remaining detectors we consider in Section V C. The frequency f lratio is defined as the lowest frequency where the amplitude of the gravitational wave signal is 10% of the detector noise spectrum. Below this frequency, the integrand in Eq. (45) is less than O(10 −2 ), and can thus we neglected when computing the signalto-noise ratio.
At high frequencies, our waveform becomes invalid [66, 67] due to a lack of stable circular orbits, assumed in the orbital frequency in Eq. (6) and the complete breakdown of the post-Newtonian approximation. The frequency of gravitational waves [68] emitted at the innermost stable circular orbit (ISCO) (for a test particle in a Schwarzschild spacetime of mass m) is given by
However, when the binary contains a neutron star, the waveform must be terminated before contact. The contact frequency [69] can be approximated as the gravitational wave frequency at which the separation is equal to the sum of the radii of the two stars:
Effective compactness of neutron star binaries and mixed black hole-neutron star binaries, for various neutron star equations of state [70] . We have taken the minimum black hole mass as 5M . The vertical, dashed black lines correspond to the total masses we will consider in Section V D. In both cases, we see that 6C ≥ 1.
where C i is the compactness of the ith star 9 , andC acts as an effective compactness for the binary. The high frequency limit must be taken as the minimum between these two frequencies,
Stable neutron stars have roughly the same radius R NS , given by their equation of state [70] . Therefore, the compactness of the individual star is given by C i ≈ m i /R NS . The effective compactnessC NS-NS can then be rewritten as
Similarly, we take the black hole compactness to be C = 1 2 , so the effective compactness for a black hole -neutron star binary can be written as
For a particular neutron star equation of state, the effective compactness for various binaries systems can be calculated. Figure 2 displays the range of 6C for various neutron star equations of state. We see that the effective 9 For a non-rotating black holes, the compactness is taken as C = . For stable neutron stars, the compactness [70] is typically in the range C ∈ (0.1, 0.2).
Projected spectral noise density (solid) and analytic fits (dashed) for each detector we consider. The curves are truncated at the particular detector's cutoff frequency f low-cut .
compactness is greater than unity for all but low mass binary neutron stars. When 6C > 1, the contact frequency occurs after f ISCO . Therefore, the high frequency limit is written as
For the binaries we consider in Section V D, 6C = 1, thus our analysis will always take the high frequency limit as f ISCO . The mass-radius relations of neutron stars used in Fig. 2 does not include the effects of a dark matter core. However, recent work [53] has shown that for a particular equation of state, the same total mass neutron star will typically have a smaller radius when a dark core is included. This implies that including dark matter will increase the compactness of a particular neutron star, further increasing the effective compactness 6C. Therefore, f high = f ISCO remains valid for the binary systems of interest.
C. Future detectors and sensitivity curves
In this work we compute forecasted constraints on dark sector modifications for a set of 10 ground-based detectors: aLIGO at design sensitivity [71] , aLIGO with squeezing (A+/A++ [72] ), Voyager [72] , VRT [72, 73] , Cosmic Explorer 1 (CE1) and 2 narrow-band and wideband configurations (CE2n and CE2w respectively) [72] , and the Einstein Telescope in its single interferometer configuration (ET-B) and in "xylophone" configuration ET-D [74, 75] .
For a detailed overview of the detector sensitivities we refer the reader to [77] . Here we briefly summarize the salient details of each detector: A+, A++: Upgrades to LIGO to minimize quantum and thermal noise, operational starting around 2020.
Voyager: An upgrade to LIGO, which replaces glass mirrors and suspensions with silicon parts, and will operate at a cryogenic temperature of 123K. To be operational in 2027.
Vrt: The same as Voyager, but operated at room temperature, instead of at cryogenic temperatures.
Cosmic Explorer: Aims to observe binaries at high redshift (z > 1), using 40km long detectors. CE1 is built on A+ technology, while CE2 (in narrow band and wide band configurations) is built on Voyager technology. Projected start date of 2035.
Einstein Telescope: Designed to improve upon lowfrequency (f < 10 Hz) noise levels. To be built underground, operational in 2030-2035.
For each of these detectors, we find an analytic fit to the tabulated projected sensitivities. These fitting functions will greatly accelerate the computation of Fisher matrix elements. The tabulated and analytic fit sensitivity curves are shown in Figure 3 . Details of the fits can be found in Appendix B.
D. Constraints on dark sectors
We now apply the Fisher analysis discussed in Sec. V A to the most general waveform, calculated in Eq. (32), and include the General Relativity corrections, up to 2PN order, calculated in [78] . In particular, we will look at a binary neutron star and a mixed black hole-neutron star binary, evaluated at the parameters found in Table I . The maximal list of parameters we consider is given by
where χ s = (χ 1 + χ 2 )/2, χ a = (χ 1 − χ 2 )/2, and χ i is the dimensionless spin parameter for the ith star. Our Fisher analysis, thus, will include all covariances between the parameters listed above. When projecting future constraints, we will assume that future gravitational wave observations are consistent with General Relativity. This implies that when computing the Fisher matrix elements, we will take the General Relativity limit Γ ab | α,γ→0 . A by-product of this is that we lose the ability to constrain the length scale of the Yukawa interaction λ separately, and thus, this parameter does not appear in Eq. (58) . This can be seen directly in Eq. (32) , noticing that any derivative with respect to λ is proportional to either α or γ. Instead, the constraints placed on each of these parameters will have a functional dependence on the Yukawa length scale.
In the case of the mixed binary, the black hole should not be charged under the massive dark photon [79] , and thus we expect α = 0. For this reason, we do not include α in the list of parameters when considering the mixed binary in a Fisher analysis. This parameter, however, could be included in the future as a test of the black hole no-hair theorem. While nonzero α can also be attributed to a dark matter cloud surrounding the black hole, tidal effects may become relevant before the f high considered here.
Similarly, when dipole emission is not present in the waveform, the parameter γ will be removed from the parameter list. This occurs when Eq. (12) is not satisfied, forcing the step function to vanish and removing the dipole radiation terms from the waveform. The parameter γ can only be constrained when the step-function is active sometime before the end of the observation, given by the frequency f high . Using the definition of f high in Eq. (56), we find the minimum length scale as
for which we include γ as a parameter in the Fisher analysis. Under these considerations, we estimated projected constraints for γ from both binary systems, as shown in Fig. 4 . The earlier dipole radiation activates, the more significant its contribution becomes to the signalto-noise ratio. Thus, as the Yukawa length scale increases, the constraint on γ becomes more stringent, until λ ∼ O 10 4 − 10 5 km . At this length scale, the step function is activated before the low frequency bound, given by Eq. (12). Approximating the low frequency limit as f low-cut , we find this critical length scale to be λ ≈ 10 5 km for ET, and λ ≈ 2 × 10 4 km for the remaining detectors. Above this length scale, the parameter λ drops out of the waveform in Eq. (32), and thus the constraint remains largely independent of λ, asymptotic to a particular (detector-dependent) value.
The relative Yukawa strength α can also be constrained from future binary neutron star observations, as shown in Fig. 5 . We find that significant constraints can be placed on the relative Yukawa strength above λ ∼ 5 km. Below this length scale, the exponential suppression of the Yukawa interaction leads to minuscule corrections to the waveform through the inspiral. Surprisingly, even when the Yukawa length scale is comparable to the radius of the neutron star (R N S ∼ 13 km), we are still able to constrain α ≤ 10 −2 . Once one crosses into the ultra-light regime, λ O(10 3 km), we again see a rapid decline in the strength of the constraint due to the small Yukawa corrections shown in Eq. (38) . It is during this regime that the dipole radiation terms can begin to dominate for a significant period of the inspiral phase. Again, once 
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Projected constraints on the charge asymmetry γ with future neutron star binary (NSNS) and mixed black hole-neutron star binary (BHNS) observations. The vertical dashed line denotes the activation of dipole radiation at some point before fISCO. The diagonal dashed line gives the consistency requirement of the waveform, given by Eq. (31). All detectors considered are able to constrain γ from our waveform until λ ∼ 10 8 km.
dipole radiation activates throughout the entire detection window, α is only constrained below the consistency bound α < 1 by the more sensitive CE and ET detectors. We emphasize that for a large range in λ, the Einstein Telescope gives the most stringent constraints for both α, γ parameters, due to the increased frequency range in the integration of the Fisher elements. The use of lower frequency detectors, such as LISA, could then significantly improve these constraints. But for space-based detectors, however, the upper frequency cut-off is at sufficiently small frequency that binaries with a neutron star will not be detectable.
One can convert the bounds on α, γ into an upper bound on the charge to mass ratioq of the neutron star viaq
where α b , γ b are the bounding functions given in Figs. 4 and 5 for a particular detector. This relation follows straightforwardly from the definitions of α and γ. We note, that for the mixed black hole-neutron star system, the assumption that α = 0 provides the stronger constraintsq ≤ √ γ b . To date, no gravitational wave observations have been made of a mixed binary, so we will focus on the binary neutron star case below instead.
Using the dark matter model described in Sec. II, the constraint on the charge-to-mass ratio can further be converted into a more useful constraint on the dark matter mass fraction of the neutron star
The value of the self-interaction g 2 /4π is constrained primarily by astrophysical constraints on dark matter selfinteractions, e.g. morphology of galactic halos. In particular, the ellipticity of large halos constrains g 2 /4π 10 −3 [51] . Saturating this bound, we see from 
VI. DISCUSSION
The first generation of gravitational wave interferometers has been a remarkable success, and the observations of black-hole binary mergers [1] [2] [3] [4] [5] and a neutron star binary merger [6] have already place strong constraints on fundamental physics. The second and third generations of detectors will improve on LIGO sensitivity by up to two orders of magnitude, which provides ample cause for excitement at the prospect of further probing fundamental physics with gravitational waves from binary mergers.
In this work we have quantified these expectations, and have studied dark sector modifications to the gravita- tional waves emitted in binary inspirals. We have considered Yukawa corrections to the gravitational potential, and the associated dipole emission, as both arise in dark matter models with massive gauge bosons, and any modification of gravity that introduces a new scalar degree of freedom. We have explicitly computed the waveform, and performed a Fisher information matrix analysis to compute projected sensitivities of ten next generation gravitational wave detectors. The projected sensitivities to the Yukawa interaction coupling α and the dipole emission parameter γ are shown in Figures 4 and 5 . The Einstein Telescope is found to be the most sensitive to such dark sector modifications, with sensitivity as good as O(10 −5 ) and O(10 −7 ) for α and γ respectively. We project that constraints can be placed provided the Yukawa length scale λ > O(10) km, and they are optimal when λ ∼ 10 2 − 10 3 km and ∼ 10 4 km for α and γ respectively. When written as a constraint on a specific dark matter model, we find these observations can detect even a minuscule amount of dark matter stored in neutron stars. For a GeV dark matter candidate with a gauge coupling g 2 /4π = 10 −3 , the bound on the fraction of the NS mass in dark matter can easily be better than 1 part in 10 15 , as shown in Fig. 6 . More generally, the constraints on α and γ, shown in Figs. 4 and 5, probe dark photon masses in the range m v 10 −10 eV, with optimal constraints around m v ∼ 10 −12 eV. We interpret these results as quantitative confirmation that gravitational wave astronomy is a powerful probe of fundamental physics. However, the work is not over, and there are indeed new directions for future work in every step on this analysis. In particular, one could improve upon theoretical estimates of the dark matter fraction of neutron stars, extend the statistical analysis to include space-based detectors such as LISA (using extreme massratio inspirals that include a neutron star component), and recompute the projected sensitivities by performing a full Markov-chain Monte-Carlo analysis. Each of these directions will be studied in future work. edges support from NSF CAREER grant PHY-1250636 and NASA grants NNX16AB98G and 80NSSC17M0041.
where J n is the nth order Bessel function. By taking the e → 0 limit (circular orbits), we can use the identity
to rewrite the time-averaged power radiated in the simple form
Note that if we ignore the "corrections" to the Heaviside step-function θ at high angular orbital frequencies (ω m S,V ), dipole radiation of a vector mode emits twice that of a scalar mode, but has the same functional form. We now calculate the waveform including the dipole radiation term for either scalar or vector modes. A more useful form will be as a ratio of P GW :
is the length scale associated with the additional scalar or vector degree of freedom. The introduction of dipole radiation will manifest as an additional factor in the equation forω. In particular, we assume (q 1 −q 2 ) 2 1 so that dipole radiation is a small correction to the usual gravitational radiation. Then,
In order to calculate the phase of the gravitational waveform, we must integrate the function
Including the corrections to the Heaviside step function, the dipole term results can be integrated in terms of hypergeometric functions. However, we wish to find a power series expansion for the integral. We expand each function as
where i = S, V denote the type of dipole radiation, and 
We note, the corrections to the coalescence time t 0 and inspiral phase φ 0 include nontrivial frequency dependence through the step function. In principle, these additional step function corrections can be important for the matched filter process. However, these corrections enter at 2.5PN and 4PN order for the phase and coalescence time, respectively, and should be small for most observations.
Finally, the waveform is written as h(f ) = − 5π 24 
Due to the step function, 1 ≤ πλ i f , the infinite sum converges (to the same hypergeometric functions stated before) for both scalar and vector modes. In the case of vector mode dipole radiation, a v (1) = 0, hence the first correction to the step function occurs at second order, (πλ i f ) −4 . Then, the −1PN correction to the waveform from the step-function dipole term is modified by a small −7PN correction for vector mode radiation or a −4PN correction for scalar mode radiation (small in the sense that (πλ i f ) −2n ≤ 1). 
